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STOCHASTIC MODEL FOR A SEDIMENTATION TANK
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INTRODUCTION

The networks of sanitation carry mineral particles of such a size that it is
possible to retain them owing to lined up sedimentation tanks.

The observations made by the users show that their efficiency is not
optimum (8) (10). A precise analysis of the behaviours of such an appara-
tus is therefore necessary (9) (15) (11).

In our research, it is shown that it is roughly possible to schematize the
history of sediments in two different phases (7) (2):

—on phase of settling linked to the mean velocity distribution;

—on phase of putting back into suspension of the deposited particles

linked to the big whirling structures.

The study of this second phase offers a non negligeable interest in so
far as the frequency of the scour of such apparatus is very low. This phase
must not be neglected in the estimation of their performance.

The analysis of the working is executed on a scale-model on which it is
set obstacles, altering the structure of the flow. Some favour the initial
sedimentation, others the non-putting back into suspension of this one.

We will use a technique of modelisation based on stochastic phenome-
na which seems to us to explain the physical phenomenon in the best
manner (1) (4) (5) (14).

DESCRIPTION OF THE USED MEANS

Experimental set up (Fig. 1): It is composed of 2000 mm long, 400 mm large
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MICROPROCESSOR

Fig. 1. Experimental set up

and 300 mm deep sedimentation tank fed by a 4 m long pipe, the drainage
of the waters is carried out by a 3 m long pipe having 1 cm in diameter.
The axis of each pipe is 15 cm from the sedimentation tank floor. The
supply is effected by a tank with a constant level placed at 12 m above the
installation.

Hydraulic aspect:

— Three flows are studied: 5, 7 and 9 I/s; the level of the water is kepts
constant in the tank at 30 cm;

— Four kinds of obstacles are used, as drawed in Figure 2: without
obstacles, inlet bars, inlet plate, inlet plate + bars;

— The 12 configurations are then tested and the comparison with each
case is possible.

Sorts of used sediments: particles of Table 1 are put into the flow by the
injector placed at the head of the installation and are recuperated by a
system of interchangeable baskets, then dried and weighed.

Choice of used particles: the particles have been chosen to correspond to
sands from 0,6 to 0,8 mm in diameter by a FROUDE similarity with A from
3 to 5. The sedimentation tank corresponds then to a 6 m long prototype
being able to clean flows from 80 to 150 I/s or to 2 10 m long prototype and
being able to clean flows from 300 to 500 I/s. The particles stay therefore
- on an average of 5 mn to a day in the sedimentation tank according to
studied the flow or obstacle.
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INLET PLATE + BARS
Fig. 2. Types of configuration studied in the sedimentation tank
TasLE 1
DESCRIPTION OF SOLID PARTICLES

. . Settling
Kind Density Shape Diameter — y 1oty
kg/m mm
mm/s

Blue
Polystyréne 1035 Cylindrical 2 45
White )
Polystyréne 1025 Spherical 2 35

ANALYTICAL MODELS

Introduction: without trying to mark the geographical position of a particle
in the sedimentation tank, we try to totally characterize the behaviour of



306 ) Anales de la Universidad de Chile

the solid phase referrmg to the concept of the transit time repartition
function (T.T.R.).

Model of stochastic advance of solid particles in the sedimentation tank: the
sedimentation tank is represented by the two dimensionnal lattice drawed
on Figure 3.

The position of a particle at time t is given by (X(t) Y(t)). The nature of
the phenomenon is a bivariate process for which we have {X (0) = 0: Y (0)

=J}

Y(0) R

™ (x(t),y(t))
g

sy

! ——X
0123¢ |

Fig. 3. Lattice for the sedimentation tank

The following assumptions are:

—all the particles have the same transport characteristics;
—the interacting effect between particles is negligeable.

With these assumptions, we have then a MARKOV process with two
independant variables. So, in this paper, we shall confine our attention to
the marginal process {X(t) ; t = 0} which also has the MARKOV property.

1) Evaluation of P;(t) —The passing from one state to another is given by
the-diagram Figure 4.

— Injection is determined by state 0

— Outlet is determined by state K+1
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Fig. 4. Passing probability from one state to another

-— Sedimentation is determined by state —1
— Particles in suspension having more or less advance are determina-
ted by states 1,...., k.

— The probability that a particle advances is determined by: AAt
— The probability that a particle reverses is determined by: pAt
— The probability that a particle sediments is determined by: yAt
— The probability that a particle changes directly from the sedimented!
state to the outlet state is determined by: 5At

Let us note: Pi(t) = P{X(t) = i}i= —1,0, 1,.....,k,k + 1 probability that
a particle is in i at time t.

The calculation of P; (t) is made by the following way; let us take that the
passing passage probabilities have the following properties for At— 0:

P{X(t+At) = i+ 1/X(t) = i} = ANt + 0(Av)
P{X(t+At) = i=1/X(t) = i} = pAt + O(At) i=1,.k
P{X(t+At) = —1/X(t) = i} = yAt + 0(Ab)

Then: P{X(t+At) = /X(t) = i} = I-(A+p+y) At + O(At) and, from
this that:
P{X(t+At) = i} = P{X(t) = i—1} - P{X(t+At) = VX(t) = i—1}
+ P{X(t) = i} - P{X(t+At) = VX(t) = i} _
+ P{X(t) = i+1} - P{X(t+At) = /X(t) = i+1} + O0(Av)

from this after a simple algebric transformation, we obtain (At — 0) for
i = 1,...,, k, which gives: '
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with: Po(0) = 1; P{(0) =01 # 0

2) A particular case —Let us take p = 0. So, we obtain:

P = % e 3 (—r [1 - iM_ e~ (VHY=8)
J

+v-—38 o AtY-9d o ik
Pi(t) = —Q:—'t)l— e (A i=0,..k
K

P t) = TTR = Y A i(]—e 8 + A k+1

& [Ny —ov| v L A i
[1 e e Rl e e TR A e
i( Aty—d )J_. 1- s (AP ot
Jj=0 )\+‘Y n=0 n!

The curves of transit time repartition have the aspect shown on Figure 5.
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Fig. 5. Aspect of the curves for the first model

The analysis of this kind of curve shows that 3 outlet phases of particle
exist: a first one in which the particles only cross out the sedimentation
tank, a second one in which the particles go out quickly and a third phase
in which the particles go out slowly due to passing from state —1 tok+1,
that we observe experimentally.

Let us notice that it is important to have 8 # 0 because, in all our
experiments, the whole of the particles ends by going out. Having taking
p = Ois necessary to obtain a simple integration of the differential system,
but it comes to neglect the recirculation stream. Finally the achieved
answer is so complex, so difficult to work that it has led to introduce a
simplified model. '

Simplified model: let us take it in this part that only three states are
possible for a solid particle:

— State 1: in suspension or in unstable zone of sedimentation

— State 2: outlet state

—State 3: in a zone of stable sedimentation

Then, let us consider the probabilities of passing from one state to the
other (see Figure 6) where: '

—\ At is the probability that a particle gets out

— At is the probability that a particle sediments

— 3 At is the probability that a particle comes back into suspension.

In the same way as in the previous paragraph, we obtain the T.T.R.:

P\ [~y 0 8\ [Py
P?(t) = A 0 0 P2([)
\'Ps(t) Ly 0 -3 Ps(t)
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INLET FLOW

Fig. 6. Lattice and passing probability (simplified model)

with the limit conditions P1(0) = 1; Py(0) = 0; P3(0) = 0, that leads us to
this solution:

+y+
Pl([)z —_ uﬁeﬂlt + )\+’y+el COQI
01—)\04% +0 016, A .0
—_ A YTUo 0t A y+0, Baty _
Py (1) = ——=(1-e"Yy -2 — ___(1-e" = T.T.R.
20 =5 o, e‘)'(e ) N (1=
—_ ()‘+’y+ 1 )‘+’y+ 2 01t _ 09t
P3(t) - 8(91—92) (C € )
with: 6, = —QAFY+8) — V A+y+8)? — 4 B\
. l hand 2
9, = _ (A +y+d) + V (A +y+8)2 — 4 8\
9 =
2
)\1 = - 01
and taking: Ag = — 0 _
— )‘ )\+‘y+92
a = - <
e1 01 - 92
A=adl+ (1 —a)h
5 = AL A
we have: ale + (1 —o))
v (a Ao + (1 — a)hp) (@ A; + (1=a)hg)—Aj A

a )\2 (l - (1) )\1
and TTR. =Py() =1 —ae ™M —(1—a)e ™

Then it is noticed that the so simplified model expresses two phases of
drainage of the particles:
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— a first phase corresponding to a primary decantation in the zones
where the sediments stay rather stablely. The proportion of the
particles trapped like that is (1 — a); the other particles being
drained off either without having never been deposited on staying
deposited a short time. The proportion of particles being drained
off is a an average staying time of 1/\y;

—a second phase corresponding to a slow retaking of the sediments
and to a drainage with a average staying time of 1/\,.

The three values (a, Ay, Ag) are obtained by the smoothing of the

experimental results (see Table 2 and Figura 7).

TabrLa 3
VALUE OF THE PERFORMANCE RATE

Configuration

F rlo™

:) _I(MT_ c‘;\::;(:;;: Bars Inlet Baffle lnli[ g::ﬂe
w Particles

5 Vs White 11 9 19 10
51s Blue 4 .5 12 4

7 Vs White 553 18 69 67
7Vs Blue 169 4 70 67

9 Vs White 2070 1040 514 465

9 ls Blue 1150 468 444 294

ANALYSIS OF THE RESULTS

First analysis: we can first notice that the white particles always get out
faster than the blue ones, and that a for the white particles is always
higher to a for the blue ones; result that we could expect in so far as those
ones have a lower settling velocity that these ones.

The adjunction of an obstacle always appreciably reduces the value of
a and, in this case, the inlet plate is more efficient in the improvement
than the bars. '

If we want the trapped particles to stay in the sedimentation tank, Ag
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' rT.T.R.
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Figura 7. Example of a result for T.T.R. of solid particles.

must be as low as possible and, in this case, bars are more efficient in the
improvement than inlet plates.

To achieve a compromise or even a general improvement on the two-
parameters we can simultaneously place two kinds of obstacles.

To appreciate the quality of a sedimentation tank to retain particles as
long as possible (see Figure 7), we propose to use the parameter r so
defined. _

Performance rate: experimentally, all the particles end by going out after
enough time. In the usual meaning of efficiency (the ratio between the
trapped particles and the whole of the particle inside the sedimentation
tank) is equal to zero.

It is the ratio between the average staying time of the liquid particles
and the average staying time of the solid particles.

i, = Vo/Q with V, volume of the sedimentation tank and Q the flow (12)

and t, = f tla Ay e M+ (1—a)ho e ™Y dt

vo
hence: r = w—(f
a —a
+
. _ Ay Ao
the lower the value of r, the better the working of the sedimentation tank.
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Second analysis: so we obtain the value of r (see Table 3). This table
shows that the adjunction of a plate is particularly interesting for heavy
flows for which it is important to increase the initial trapping, but it is less
interesting for the light flows for which this initialial trapping is always
rather and for which it is advisable to maintain the trapped particles, in
that case, the bars are the most efficient.

Parameter r seems to be representative of the working and of the
percentage of trapped materials after a working time of about 2000 s.
This can be use for sewage system since the sedimentation tank are
scoured only periodically.

COMPARISON WITH HAZEN (13) AND CLEMENTS-PRICE (6) ’S MODELS

HAZEN’s model allows us to calculate a limit for the settling velocity q0 of
the particles which will decent at 100% (see Table 4).

TABLE 4
LIMIT FOR THE SETTLING VELOCITY
WITH HAZEN'S MODEL

Flow I/s 5 7 9
‘Settling

Velocity mm/s 7 9 11

These two sorts of particles would therefore decant at 100%. CLE-
MENTS-PRICE (6) use a coefficient T < 1 dependent of the flow; we can
estimate a new limit for the settling velocity q. = q./T - T is calculated with
the help of the measure of velocity made by a Doppler laser anemometer
(7) (3). The table 5 gives the limit for the settling velocity.

We might obtain again a 100% efficiency, as all the particles ending by
going out, we obtain a 0% efficiency.

" For the two previous models, we suppose there is no putting banck into
suspension of the deposited particles. So, in our case, this probability of
putting back into suspension is equal to zero 8 = 0.

So:Pa(t) =TTR=1—ae M

hence an efficiency of (1 — ).

Plot theoretical and experimental curves 1 — o = f(W/q,) (see Figure 8).



Stochastic Model for a sedimentation tank 315

TABLE b
LIMIT FOR THE SETTLING VELOCITY WITH CLEMENTS
PRICE’S MODEL (mm/s)

Configura-

tion Without Bars Inlet Inlet Baffle
Flow Obstacles Baffle + Bars
7 VUs 20 20 13 13
9ls 26 26 15 16

Fig. 8. Difference between experimental and theoretical results

—— THEORICAL RESULTS
——.  EXPERIMENTAL RESULTS

/
0 4 L ) 1 1 i W/qe
0 1 2 3 4 5

Experimental results make a clear correlation, but which appreciably
differs from the theoretical correlation. It seems that there is a limit value
W/qe = 0,5 for which the efficiency is equal to zero. This value could be
interesting to be found experimentally, for it corresponds to the limit of
the transported particles without sedimentation in the flow. There is also
a value for W/q, for which all the particles will deposit (W/q. < 4).
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CONCLUSION

Let us recall first of all that for the used solid particles, we should have had
a 100% theorical efficiency, as all the particles end by getting out soan 0%
efficiency.

This draining off of particles is effectuated according to two phases:

— one phase of fast drainage of the sediments which corresponds to
the sedimentation of these ones. Let us note that the use of a
CLEMENTS-PRICE model is possible to foresee the rate of deposi-
ted particles if dividing T by 4 or 5;

— a second phase of slow drainage which corresponds to the putting
back into suspension of the sediments from the zones of sedimenta-
tions without it; it is impossible to find again the experimental
results.

Lets us note that we can have linked the phase of fast drainage to the
structure of the mean flow and to the turbulence, and the phase of slow
drainage to the passing of the big swirling structures in the zone of stable
sedimentation of the flow (7).

Then, we have shown the influence of obstacles places in the sedimen-
tation tank; an inlet plate favours the initial sedimentation and bars the
nonputting back into suspension of this sedimentation; the combining of
this two kinds of obstacles seems to optimize the working of the sedimen-
tation tank under some conditions.

Finally, we have proposed r as a performance rate that tries to express
by an only numerical value the working of the apparatus in these two
phases. We think this rate ought to be retained to take into account the
case of the real sedimentation tank and might permit after a practical
study to link the scour frequency to the performance rate.

Let us not forget that we must replace this study in its “natural back-
ground”, that is to say a continous release of sediments into the sedimen-
tation tank for variable flows that is being made in our Laboratory.



Stochastic Model for a sedimentation tank 317

10.

11.

12.

13.

14.

15.

16.

ArpPEnDIX 1 - REFERENCES

. ALQUIER, M., Etude d'un phénoméne de dispersion par modéle stochastique, These

d’état, ENSEEIHT, IMFT, sept., 1977.

. ALQUIER, M. anp Dartus, D., Amélioration des performances des décanteurs -

Modeéle mathématique, Rapport Nr. 360-3, IMFT, nov., 1982.

. ALQUIER, ]J.F. AND DaRTUS, D., Chaine d'acquisition de mesures de répartition de

vitesses & Uinterieur d'un décanteur rectangulaire, Rapport interne Nr. 81-1,
IMFT, 1981.

. CH1u, Stochastic model of motion of solid particles, Journal o.f Hydraulic Division,

sept., 1967.

. CH1U AND CHEN, Stochastic hydrodynamics of sediment transport, Journal of the

Engineering Mechanics Division, oct., 1969.

. CLEMENTS, M.S. and Prick, G.A., Velocity variations in rectangular sedimentation

tanks, Proc.-Inst. Civ. Eng. 34, 1966, pp. 171-200.

. Dartus, D., Etude et modélisation de Uinfluence des grosses structures tourbillonnai-

res sur les performances d'un appareil de décantation, Thése de docteur-ingénieur,
ENSEEIHT, IMFT, june, 1982.

. DELwMas, C., Etude bibliographique de la sépration Liquide-solide dans le traitement

-des eaux pluviales, Rapport Nr. 360-1, IMFT, dec., 1978.

. DELMaAs, D., Méthode d’analyse des performances d'un décanteur rectngulaire, The-

se de docteur-ingénieur, ENSEEIHT, IMFT, 1979.

DomiNGuUEz, B., Etude fondamentale d'un décanteur de particules solides: détermi-
nation des critére de similitude, Theése de docteur-ingénieur, ENSEEIHT, IMFT,
1977.

GourboN, C., Etude de la turbulence dans un décanteur rectangulaire - Mesures par
anémométrie & films chauds, Thése de docteur-ingénieur, IGC, IMFT, 1981.
Gu1zER1X, MARGRITA, GAILLARD, COROMPT AND ALQUIER, Analyse des infor-
mations fournies par les traceurs naturels ou artificiels dans Uétude des systéme
aquiferes en hydrogéologie, 1. Atomic Enegic Agency, Vienne, 1974,

HAzeN, On sedimentation, Trans. ASCE, 52-45, 1904 (reprinted in J. Proc. Inst.
Sew. Pur,, 1962, p. 521).

L1 AND SHEN, Solid particle settlement in open-channel, Proc. ASCE-HY 7, 1975,
pp- 917-931.

PELLERE], M., Contribution ¢ l'amélioration des performances d’un séparateur stati-
que tourbillonnaire, These de docteur-ingénieur, ENSEEIHT, IMFT, 1981.
Toporovic, P., Gani, ALQUIER, M. AND LE GUENNEC, B., A stochastic model
for the transport of solid particles in a decanteur, Rapport interne, 1981.



318

Anales de la Universidad de Chile

Pi(t)
A At
p At

v At
3 At

T.T.R.

l -«
1/n,4

1/Ag

Q

b

Jo
" Qe

AppEnDIX II - NoTATION

Probability to be in state i at time t

Probability for passing from one state to another

Transit Time Repartition
Proportion of trapped particles

Average staying time in state 1 or 2

Volume of the sedimentation tank

Flow

Average staying time of liquid particles in the tank
Average staying time of solid particles in the tank
Performance rate

Limit for the settling velocity with Hazen’s model

Limit for the settling velocity with CLEMENTs Price’'s model
Coefficient of CLEMENTS PRICE





